MATH 206-03 Exam #1 Solutions

1. (20 points) Evaluate the following integrals:

( ) (10 pomts) ft2+2t+17

This is an irreducible quadratic; its denominator can thus be rephrased via completion
of the square as a sum of two squares, which under appropriate division becomes an
expression of the form u2+1, which can be integrated using an implicit linear substitution:

dt B dt
/?1+%+17—/?1+%+1+16
B dt
-
::/ St
(52)" +12

1 dt
== | e
6] (e
1 1 t+1
:E‘zlarctan Z —|—C:Zarctan i +C

(b) (10 points) f ”—%mdx. For this factorization into distinct linear terms, the appro-

priate decomp0s1t10n 1S

t46 A B C
vz —3)(r+2) 2z z+2 x-3

which, on multiplying by the common denominator, yields
r+6=A(x—3)(r+2)+ Bx(zx — 3) + Cz(x + 2)
T +6= Az — 1 —6) + B(2* - 32) + C(2* + 22)
02> + 12 +6=(A+ B+ C)t* + (-A - 3B +2C)t — 64

Comparing quadratic, linear, and constant terms on the left and right side of the above
equation yields the system of equations

A+B+C=0
—A-3B+20=1
—6A =6
The last equation gives us A = —1 immediately; combined With the first two, we see that

B+ C =1and —3B + 2C = 0, which can be reduced to B = = and C = 3. Thus

T+6 1, 3 :
==+ +
z(r —3)(x + 2) r x+2 x-3
so that
r+6 1 2 3 2 3
/ dx:—/ 45 15 r :—1n\x|—|——ln\x+2\+ In|z—3|+C
z(x —3)(x +2) r x+2 x-—3

2. (20 points) Evaluate the following integrals:
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(a) (10 points) [ ¢34 — t2dt.
The term /4 — t? suggests a trigonometric substitution, and in particular a sine sub-
stitution. If we construct a right triangle with marked angle 6, hypotenuse length
2, opposite side length ¢, and adjacent side length /4 — t2, we find that ¢ = 2sin6
and v4 —t2 = 2cosf. Furthermore, for the substitution, we will need the differential
dt = 2 cosfdf. Then the above integral becomes

/(2 sin 0)%(2 cos 0)(2 cos 0)df = / 25 sin® 0 cos® 0df

Since the above integral has an odd number of multiplicative sinf terms, judicious use
of the identity sin?@ = (1 — cos?6) will give an expression solely in terms of cosf save
for a single multiplicative term sin 6:

/ 2°sin® 0 cos® 0dO = / 2°sin (1 — cos? 0) cos® 0df = / 2°(cos® § — cos* 0) sin Odf

This form is now ripe for the substitution u = cos, du = — sin 8df, which will serve to
simplify this integral:

/25(C082 6 — cos* 0) sin 0df = /25(u2 —u*)(—du)

= - C
5 3
VISR I P
= 5 — 3 +C

(b) (10 points) | —t—dy.

The term +/y? + 9 suggests a trigonometric substitution, and in particular a tangent
substitution. If we construct a right triangle with marked angle 6, hypotenuse length
VY2 + 9, adjacent side length 3, and opposite side length y, we find that y = 3tan6
and vt? +9 = 3sec. Furthermore, for the substitution, we will need the differential
dt = 3sec? 0df. Then the above integral becomes

4(3tand
[ e o) = [ 125000t 60
(3sech)

which is actually pretty easily solved:

/128609619 =12secl+C =4/y2+9+C

Note that this problem could also be solved, and arguably much more simply, by using
a standard substitution, since /4% + 9, in addition to being a trigonometric form, is a
composition of a square root with the expression y? + 9, and the derivative of y? + 9
appears in a modified form as a factor of the integrand, suggesting the substitution
u = y? + 9, which gives du = 2ydy, allowing us to rephrase the integral like so:

2
/Wy—/ du_ut +C’—4\/y+ rC
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3. (10 points) The region shown below is the area between the curves y = 4x — 3 and y = x2.

/
ol

L L L
1 2 3

(a) (5 points) Find the area of this region.

The region is bounded on the left by x = 1 and on the right by = = 3. The upper curve
is y = 4z — 3 and the lower curve is y = 22. Thus, the integral to calculate the area is

3 237° 1. 4
/(493—3)—1:%;:2:52—39;—— =(18-9-9)—-(2-3—-2)==
. 31, 373

(b) (5 points) Find the volume of the solid produced by rotating this region around the
T-aT18.
The bounds of the region are as given above; in this case, spinning the region around the
x-axis, the vertical cross-sections whose height formed the integrands above trace out
washers of outer radius 4z — 3 and inner radius 22. Thus the integral to give the volume
of the solid is

3 3
/ 7r(4:c—3)2—7r(x2)2dx:7r/ 162% — 24z + 9 — x'dx
1 1

1623 573
= b —12x2+9x—x—
3 51

16 - 27 3° 16 1
=l =" _12.949.3—- ) - ([=_-1249_-2) =
( 3 993 5) <3 ! 5)

4. (20 points) FEvaluate the following integrals:

(a) (10 points) [(z* —2z)e"dx.
This is a product of a polynomial with the integrable function e*, so we will integrate
by parts, making use of the decomposition v = 2% — 2z, dv = e®dx, which gives du =
(2x — 2)dz and v = e*. Integration by parts thus gives:

/(:c2 —2z)e"dr = (2* — 22)e” — /(ex)(Qsc — 2)dx

The new integral we have at the end of this line is likewise a product of a polynomial
and an integrable function, so again we use integration by parts, with the decomposition
u = 2x — 2, dv = e*dx, which gives du = 2dx and v = e*. Continuing the integration by
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parts:

(b) (10 points) [ 4z sinbzdz.
This is a product of a polynomial with the integrable function sin 5z, so we will integrate
by parts, making use of the decomposition v = 4x, dv = sin bxdx, which gives du = 4dx
and v = %1 cos bhzx. Integration by parts thus gives:

—1 —1
/4m sin bxdr = 4x - 5 cos br — / 5~ cos Sa(4dx)

_ 4 5+4 52d
—5JZCOSJZ 5 cosoxrax

— 5+4'5+C
= 5.TCOS X 25SHI A

5. (15 points) Ewvaluate the following integrals:

(a) (5 points) [ sinze™*dx.
There is a composition in this integrand: e naturally decomposes as a composition
of the exponential function and the expression cos z; furthermore, the derivative of cosz
appears in slightly modified form as a factor of the integrand, so the substitution u = cos z
is strongly suggested. Letting u = cosz, it follows that du = — sin zdz. Converting the
integral above using this substitution thus yields:

Cos T

/sinxecc’”dt = /e“(—du) ="+ (C = —e%% 4 C

(b) (5 points) [ tan® 6 sec? 0df.
There is a composition in this integrand: tan® naturally decomposes as a composition
of the sixth power and the expression tan 8; furthermore, the derivative of tan 6 appears
as a factor of the integrand, so the substitution u = tan @ is strongly suggested. Letting
u = tan6, it follows that du = sec?fdf. Converting the integral above using this
substitution thus yields:

7 tan’ 0
/tanGGSeCQGdez/u6du:u7+C: ar; +C

(c) (5 points) f12ZE3€(w4)d$.

Page 4 of 5 September 25, 2008



MATH 206-03 Exam #1 Solutions

There is a composition in this integrand: e®") naturally decomposes as a composition of

the exponential function and the expression z*; furthermore, the derivative of z* appears

in slightly modified form as a factor of the integrand, so the substitution v = z* is

strongly suggested. Letting u = %, it follows that du = 323dz, or more ot our purpose,

du — 23dx. Converting the integral above using this substitution thus yields:

3
2 . =2 g eu z=2 6:1?4 2 el6 _ ol
/xge"”dt:/ eh— = — = | =
. =t 3 3la 3 3

6. (15 points) The region shown below is the area under the curve y = x? —\/z from x =1 to
r =4.

(a)

. . .
1 2 3 4

(5 points) Construct, but do not evaluate, an integral representing the volume of the
solid produced by rotating this region around the x-axis.

Working from the left bound (z = 1) to the right bound (z = 4) in the horizontal
direction, the cross-sections of this solid will be discs of radius #* — /, so the integral
setup is

/1 e — D) da

(5 points) Construct, but do not evaluate, an integral representing the volume of the
solid produced by rotating this figure around the y-axis.

This cannot be set up as a disc problem: doing so would require inverting the function
f(x) = 2® +y/z, a matter of some difficulty. Thus we still need to integrate with respect
to x, and thus the vertical cross-sections at particular z-values revolve out into cylindrical
shells of radius z and height 2? — \/x. Thus, the volume is represented by the integral

/14 2w (x? — \/x)dw

(5 points) Calculate the average value of the function f(x) = z*> — \/x on the interval

[1,4].
The average value is

faeovi [5-%) (3-3)-(-%) w-w-0-2

4-1 3 3 9 9
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