MATH 205 Practice Exam #3 Solutions

1. (12 points) Answer the following questions:

(a)

(6 points) Determine a region whose area is lim Z (2)In (24 2).

n—>oo

The area of a region under a curve f(z) from z = a to x = b is known to be

o~ /(b—a b—a.
3 (550) (e 55%)

1=

which bears a similarity except in details to the expression given. We must therefore find
expressions to stand in for a, b, and f(z) to make these expressions equivalent. Taking
the most naive decomposition of these equivalent expressions, we find that

b—a

o
n n

f( b_“z'> 2t 2
n n

The first equation clearly establishes that b —a = 5; substituting this knowledge into the
second equation, we find that our correspondences become:

b—a=5

d )
f<a+—z'> =In2+ —i
n n

which lends itself to the obvious intepretation f(x) = Inz and a = 2 (other interpre-
tations are possible, and will give rise to slightly different but equally correct answers).
Then, since b —a =5, b = 5+ a = 7. Thus, the expression we were given is the area-
under-a-curve formula with a = 2, b = 7, and f(x) = Inz, so this expression is the area
of the region under the curve y = Inz between z = 2 and x = 7, which might be written
as f; In xdzx.

(6 points) Find the general antiderivative of the function g(x) = 4+ +/x —secx tanx +
2

1+z2°
We intepret this expression as g(z) = 42° + 2'/? — secxtanz +

antiderivative rules, we know that antiderivatives for z°, z'/2

: + ——. Using known

, secrtanz, and —— are

mll, T //2 secx, and arctan x respectively, so the general antiderivative of f(z) is
PRI %2 94:3/2
4—+3/—2—secx—i—2arctanx+0 4o + —secx + 2arctanz + C'

(6 points) Find f(x) given that f'(z) =423 —x + 3 and f(1) =

We know that f(x) is an antiderivative of f'(x); the general antiderivative, worked term-
by term, can be seen to be - — £ —I— %%—C; thus we know that f(z) = 2?— % +3z+C
for some vale of C. Pluggmg in the known value f(1) = 3, we can solve for C:

12
3:14—5+3-1+C
1

——_=C
2
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so the specific formula for f(z) is z* — ‘%2 + 3z — %
2. (12 points) Answer the following questions related to the shape of the graph of f(x) =

23 4+ 322 — 241 + 6.

(a) (4 points) Where is it increasing? Where is it decreasing?
f'(z) = 32*+6x—24 = 3(2*+22—8) = 3(x+4)(z—2); multiplying constituent parts and
noting their sign changes, we see that f’(x) is positive (since both factors are negative)
if © < —4, negative if —4 < x < 2, and positive if x > 2. Thus f(z) is increasing when
r < —4 or x > 2, and decreasing when —4 < x < 2 (some definitions of increase and
decrease include the f’(z) = 0 case, so these intervals may include their endpoints, if

desired).

(b) (4 points) What are its critical points, and is each a local mazimum, a local minimum,
or neither?

From the factorization above, it is clear that f(x) = 0 when x = —4 and = = 2. Since
f(z) increases up to —4 and decreases from it, x = —4 is clearly a local maximum;
since it decreases to 2 and increases after, x = 2 is a minimum. This result can also be
obtained via the second derivative test, but doing so when you already have the signs of
the first derivative at hand is not terribly necessary.

(¢) (4 points) Where is it concave up? Where is it concave down? Does it have any points
of inflection?
f"(z) =62 +46,s0 f"(x) >0if x > —1, and f"(z) < 0if z < —1. Thus, f(x) is concave
up when x > —1, concave down when x < —1, and has a point of inflection at x = —1.

3. (12 points) You are planning a design for a 1200-square-foot rectangular swimming pool,
with a rectangle of paving around the entire pool. Around three sides of the pool you want to
have a 3-foot paved strip; on the fourth side you want to have a 5-foot strip. What dimensions
for the pool will minimize the necessary total area of the pool and poolside paving?
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The above drawing is a representation of the scenario described; we assign the pool’s dimen-
sions the labels of « and y; then the dimensions of the poolside area can be seen to be (z + 6)

and (y + 8).
Thus, our goal is to minimize (x + 6)(y + 8), subject to the constraint that zy = 1200. We
may re-express this constraint as y = 2% so that the expression we seek to minimize is, in a

T

single variable, f(z) = (z + 6) (1222 + 8) = 1200 + 8z + 2% + 48. The interval of acceptable
values on z is [0,00), since our pool cannot have negative width but has no bound on its
upper length.

Since f'(z) = 8 — 2, we see that f'(x) will have 3 critical points: one when z = 0, where
f'(x) is undefined, and two at the solutions to 8 — % = 0, which occur at x = £4/900 = £30.
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Our options for maximizing choices of x are thus the 3 critical points 0, —30, and 30, together
with the interval endpoints 0 and the limiting behavior as * — oo. —30 is outside the
interval and may be rejected out of hand. Evaluating at the other three points, we see that
f(z) does not exist at x = 0, but that lim, .o+ f(z) = +o00; lim,— 1o f(z) = 400, and
f(30) = 1248 +8-30+ %. This last value need not be completely calculated; it is finite, and
thus a better minimum than the other two prospects. Thus, our area-minimizing choice of x

is 30, which has an associated value of y = % = 40, so our optimal dimensions are 30 x 40.

4. (12 points) Answer the following questions about approzimation:

(a) (6 points) Note that /33 is a zero of the function f(x) = x° — 33. Choose an integer
value of xo which is close to \/33. Use one step of Newton’s method to develop x1, a
better rational approzimation of v/33.

Note that 2 = v/32, so 2 is quite close to v/33. Let o = 2. Then, since f(z) = 2> — 33
and f'(z) = 5z, we shall find that

flr) _, =33  —1_16l

Fflzo) 5. 21 80 80

This is off by only a little more than 0.00015.

(b) (6 points) Starting with an initial value of 1, use two iterations of Newton’s method
to approzimate a zero of f(x) = 2 — 2z — 1. Your answer need not be arithmetically
simplified.

Let us start by observing that f’(x) = 322 — 2. Using Newton’s method once:

f(zo) 3-2-1-1 —2
0T i ) 3122 1
And using it again:
f(z1) 3P —-2-3-1 20
=1 — =3 —-————=3—-—=22
TR ) 3.32 2 25

This isn’t actually all that close to the correct result of 1.6183, but a few more iterations
would get it closer.

5. (12 points) Ewvaluate the following limits; if they cannot be evaluated, show why not.

: : e'—u—1
(a) (2 points) }}E% 5.

Note that e —0—1 = 0, and 0? = 0, so this is a % indeterminate form. Using L’Hopital’s
rule: .
vy —1 (e —u—1 v —1
fim €U gy @ ) €

u—0 u? u—0 d_u2 u—=0 2u
U

But this is still a % form, since e —1 = 0 and 2-0 = 0, so we use L’Hopital’s rule again:

v _q d e — 1 m
lim € = lim d“El ) = lim —
u—0 u u—0 %<2u) u—0 2

which can be evaluated to be % = %

Page 3 of 4 November 14, 2011



MATH 205 Practice Exam #3 Solutions

(b)

Int
oo 22417

(3 pomts) hm

As t grows W1thout bound, so do both Int and 2¢% + 1, so this is a = indeterminate form.
Applying L’Hopital’s rule to this form gives

Int . 1 . 1

im = lim == lim —
t—too 22 +1  totoo 4t t—+oo 412
in which the denominator grows without bound while the numerator, being a constant,
does not. Thus, this expression approaches zero as t increases, so the limit is equal to
Zero.

0 cosb
“sin6 °

(3 points) hm

Evaluating the numerator and denominator of this expression with § = 0 gives zero for
both, so we have a % indeterminate form. Applying L’Hopital’s rule (and the product
rule as necessary on the numerator) gives

. Hcost . cosf —@sinb
lim — =lim———
6—0 sinf 6—0 cos

cos0—0sin0 _ 1 _ 1

which can be directly evaluated to give <= =74 1

(3 points) lim (x4 4)e™™
T—+00

As z grows without bound, = + 4 grows without bound also, but e™* approaches zero.

Thus, we have a 0 X oo indeterminate form here. This form must be reorganized into

a 8 or 2 indeterminate form before L’Hopital’s rule can be used: L’Hopital only deals

with those two specific forms Fortunately, a quotient-reorganization is implied by the

presence of e, since e™® = 4 so we could reconsider this limit as lim 2% which is a

T—>+00
2 indeterminate form and can be addressed with L’Hopital’s rule:

. r+4 . 1
lim =

z—+oo et z—+oo e¥

and now the numerator is a constant while the denominator increases without bound, so
the limit will be zero.

(3 points) hm w

—da+4 _ 12-41+44 _ 1
! = =

This one can be solved by direct evaluation: lim £ 1 c

z—1
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