MATH 190-03 Practice Exam #2 Solutions

1. (10 points) Answer the following questions concerning logarithms.

(a) (4 points) Find the domain of the function f(z) = 10g5\(/557:p)'
There are in fact three restrictions on this function: first, the parameter of the square root
must be non-negative, second, the parameter of the logarithm must be positive, and third,
the denominator of the fraction must be nonzero. Thus, we require that x > 0, 5 —x > 0,
and log(5 — z) # 0. The first and last requirements are easily simplified to 0 < z < 5.
The last requirement is that 5 — z # 1 so x # 4. Thus, our domain is 0 < x < 5 with
x # 4, or, in interval form, [0,4) U (4,5).

(b) (2 points) Determine the value of log, 14 — 21log, 6 4 log, 2.
Using the various logarithm rules:

9 9 14 9 1
log, 14 — 2log, 6 + log, 7= log, 14 — log,(6%) + log, 5= log, <@ : ?) = log, 5= —1.

(¢) (4 points) Solve for x in the exponential equation 2 - 5 +e) — 50,

Dividing both sides by 2, we see that 5(*+2) — 25 Since 25 is the square of 5, the exponent
there must be 2, so 2% 4+ 2 must equal 2. Thus 22 + 2 — 2 = 0, which can be solved with
either the quadratice formula or factorization to have solutions x =1 and z = —2.

2. (7 points) Answer the following questions about the quadratic q(z) = 6z* + 12z — 5.

(a) (3 points) Put the quadratic q(x) in standard form.

q(z) = 62° + 122 — 5
=6(z*+21) -5

=6(z*+2r+1—-1)—-5
=6(2*+22+1)—-6-5
=6(z+1)*—11

(b) (1 point) Does q(z) have a mazimum or minimum value? If so, identify which it is and
what its value is.
Its vertex is at (—1, —11); since this is a quadratic with positive a, it curves upwards and
this vertex is the lowest point on the graph; thus —11 is the minimum value achieved by
q().

(¢) (3 points) Determine the x-intercepts of this quadratic if they exist (explicitly stating if
they do not exist), and its y-intercept. Label which is which.
The y-intercept is simply ¢(0) = 6 - 0% + 12-0 — 5 = —5. The z-intercepts are given by
finding the solutions to the equation ¢(z) = 0; since this equation is 622 + 12z — 5 = 0, it
is easily solved using the quadratic equation:

—124 /122 —4-6(-5) —124 /264
2-6 B 12

xr =
This can, but need not, be simplified to 1 £+ @.
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3. (10 points) Answer the following questions about polynomial functions.

(a)

()

(2 points) Identify all the potential rational roots of 3x® + Tx — 4. Do not check which
are actual roots.

By the Rational Root Theorem, the possible numerators are 1, 2, and 4, and the denomi-

nators 1 and 3. Since any combination can appear with either sign, there are 12 potential
) 1 -1 2 -2 4 —4

roots: ]_, —1, 2, —2, 4, —4, 377333 33 and 3 -

Incidentally, none of these are actually roots of this particular polynomial, which has two

complex roots and one irrational real root.

(4 points) Identify the x-intercepts, y-intercept, and long-term behavior of the polynomial
f(x)==2(z-3)(z+1)(x+2).

The y-intercept is f(0) = (=2)(0 —3)(0+ 1)(0 4 2) = 12; if you prefer to name a point in
the plane, it may be denoted (0, 12).

The z-intercepts occure when —2(z — 3)(x + 1)(x +2) = 0, which are, based on when each
factor is zero, the points x = 3, x = —1, and x = —2. If you prefer to name points in the
plane, they may be denoted (3,0), (—1,0), and (—2,0).

The leading term of the polynomial is —2x3; this is a monomial of odd degree (3) and
negative coefficient (—2), so as  — 400, f(z) = —o0, and as * — —o0, f(x) — +oc.
For purposes of illustration, here is a plot of the curve in question, with the relevant parts
discovered above appearing in red.

(4 points) Using either synthetic or long division, find the quotient and remainder of the

: 4% —3z+5
operation R

Here is the result of a long division, with a quotient of 422 — 8z + 13 and a remainder of
—21:

422 —8x + 13
r+2)  4a’ -3z +5
— 423 — 822
—82? —3x
8z% + 16x
13z +5
— 13x — 26
—21

Alternatively, we could perform synthetic division:
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—-214 0 =3 3

-8 16 —26
4 -8 13 =21

and the first three entries of the lowest row give us the coefficients in the quotient 4z% —
8z + 13, while the last entry is the remainder —21.

4
:):3—x

4. (12 points) Solve the inequality ﬁ + =

We will move the entire expression to the left side of the inequality, and make a single fraction
with a common denominator and a factored numerator:

1 3 4

x—|—2+ -3 E

1 N 3 —§<O
r+2 x—-3 x

(x —=3)x+3(z+2)x —4(x — 3)(z + )<()
(x +2)(x — 3)x -

(22 — 3x) + (32% + 2z) — (42* — 4z — 24) <0

(x+2)(x —3)z
3r + 24)
23 ="

We are interested, then, in when % is nonpositive. It clearly has sign transitions when
either the numerator is positive (at x = —8) or when the denominator is negative (at x = —2,

x = 0, and = 3). The expression as a whole has long-term behavior as i—ﬁ, and will be

positive when x is very large in either direction, so we know this expression is positive on the
interval (—oo, —8), negative on (—8, —2), positive on (—2,0), negative on (0, 3), and positive
again on (3,00). Thus the intervals where it is negative are (—8,—2) and (0, 3); but we need
to include the place where the expression is zero because the inequality is nonstrict, and so we
get [—8,—2) U (0, 3) as our answer.

5. (10 points) Answer the following questions about growth and decay.

(a) (3 points) The temperature in degrees Fahrenheit of a glass of cold milk t minutes after
it was removed from the fridge is given by the function f(t) = 70 — 30e~*%%. How long
will it take the milk to warm up to 55°F?

We want a solution to the exponential equation 70—30e~9% = 55. Performing appropriate
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(b)

6. (10

arithmetic on both sides of the equality, we can eventually liberate the value of t:

70 — 30e 092 = 55

—30e "% = —15
~15
—0.02t __
© T30
ln 6—0.0215 _ ln __15
30
0.02t =1 1
—0. = In —
2
‘P ln%
—0.02

For reference, this value is about 34 minutes, although you could not reasonably determine
that without a calculator.

(3 points) The radioactive alloy Cobalt-Thorium-G has a half-life of 93 years. Produce a
function describing the quantity of Co-Th-G remaining in a 75 gram sample after t years.
After t years, the sample will have halved in amount present % times, so the function for
the amount remaining is f(t) = 75 - (%)t/gg.

(4 points) The environmental safety rating for Cobalt-Thorium-G indicates that un-
shielded human exposure will again be safe after a 75 gram sample has decayed down
to 5 grams. Using your function from the previous part of this question, how many years
will this take?

1\/93

We want a solution to the equation 75 - (2) = 5. Performing appropriate arithmetic on

both sides of the equality, we can eventually liberate the value of ¢:

1 t/93

75 - <§> =5
1 t/93 B 5
2 75

1\ 1/93 1
108§1/2 2 :10g1/21—5

t 1
03 210g1/21—5
1 Int Inl5
t=93log, y — = 15 — 2
1275 " Wl T T2

The very last step is a simplification, not entirely necessary for your work. For reference,
however, this answer is about 363 years.

points) Answer the following questions preparatory to sketching the rational function

h(ﬂf) _ 3(z—1)(z+1) .

42
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(a) (2 points) What is the function’s domain?
Since the denominator is zero when x = —2, our domain is where x # 2. If put in interval
form, this is (—oo, —2) U (—2, 00).

(b) (2 points) Does this function have x-intercepts, and if so, what are they?

The numerator is zero when x = +1; both of these are within the domain, so they are
both places where h(z) = 0. Thus they are z-intercepts.

(c) (2 points) Where are this function’s vertical asymptotes?

The denominator is zero and the numerator nonzero at * = 2, so x = 2 is a vertical
asymptote of this function.

(d) (3 points) How does this function behave as x becomes very large? How does it behave
as x becomes very highly negative? Label which is which.
If we expand the numerator, the function could be written as h(z) = SfT_;’ For z of
very large magnitude, the dominant terms in the numerator and denominator make this
approximately % = 3x. As x — 400, this expression also approaches +oo; likewise, as

r — —o00, this expression will approach —oo.

(e) (1 point) Does this function have a mazimum or minimum value? Why or why not?

It has no maximum or minimum for two reasons: the asymptotic behavior induces arbitrarily-
large magnitude positive and negative values close to the asymptote, and the long-term
behaviors induce arbitrarily large-magnitude positive and negative values for the function
at large-magnitude values of x.
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